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Abstract
Ultrasonic horns are mechanical devices used to magnify the signal emitted by a transducer. In the present paper it is presented a 
method for their shape optimization considering the contact stiffness between horn and attached tool. It is considered as objective
function to minimize the volume in structural equilibrium conditions.
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Keywords: wave propagation; ultrasonic horns; horns optimization; measurement techniques; industrial processes.
1. Introduction
The main role of the horns is to do a mechanical magnifying of the signal produced by the transducer and to
transmit it to the tool. The cross section variations (See Fig.1) are defined by the mathematical functions and the
horns can be cylindrical with steps, conical, exponential, and complex [1].
The waves that propagate through the horn are, according with the value of magnifying coefficient K,
longitudinal, bending, and torque. For values 5dK  the waves are pure longitudinal and this is the case that is
considered in the present paper.
Taking into consideration horn’s shape, the optimization problem is reduced to finding a proper cross section
variation that leads to a minimum volume (a maximum energy, a minimum stress in a considered point etc).
Practically, it is necessary to found the extreme of a functional taking into consideration the equilibrium equations,
and some conditions that are specifically for strength of materials.
Wave propagation through horns with circular variable cross sections is described by the Webster’s equation
applied for plane waves:
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Fig.1 General shape of horns with main geometrically data.
The solution of (1) can be found using the Fourier-Bernoulli method. So, the solution can be considered as a 
product of two components one time dependent and the other one space dependent:
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that leads, after introducing (2) in (1), to two equations:
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where  is the wave number, andk fSZ 2 ( is the wave frequency).f
The solution of the equation (3) has the well known form:
 (5)tjtjt BeAe ZZI  
where the constants A and B  are found from the initial conditions.
The solutions of (4) corresponds to the space component xI  (e.g. the amplitude of the wave), and its value can 
be found using different numerical methods.
2. Optimization procedure 
The following description is based on (4). At a distance x  from the reference point (See Fig. 1) the cross section
is x  and the spatial signal amplitude is considered u . The average acoustic energy density, in a point, is 
defined as:
S x    xu
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where  is the maximum acoustic pressure,maxp U  is the horn’s material density, and c  is the velocity of the
longitudinal wave that propagate in the horn.
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In the mathematical model it is supposed that the maximum acoustic pressure is equal with the normal stress
 V maxp  at the small end of the horn:
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Considering both the Hooke’s law, and the longitudinal wave velocity formula, for the small end of the horn
 one can write: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Imposing a stress vale V  at the horn small end and taking into consideration the strain energy W  for one
dimensional case:
s
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equalizing the acoustic pressure given by (8) with the strain energy (10) results the boundary condition:
L
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Based on [2] and [4] one can write the following functional:
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where )x(x OO   is a Lagrange multiplier function and O is a constant Lagrange multiplier, and considering
variational theory is obtained:
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It is considered the first integral from (13) that can be rewritten, after some transformations, as:
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Using the method of integration by parts, the second integral from (13) can be rearranged in the form:
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Considering (14) (15) and after some integration by parts (13) may be written in the form: 
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The extremum of the functional , can be reach for independent variations of  and in the conditions of:xS xu
00   Luu GG  (18)
where , and .)0( )
,
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The functional  is stable if: 
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and based on [3] - [6], from (19) combined with (18) and (17) is obtained the following equations system of
equations:
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Analysing the equations from (20) result the following considerations:
a)The first equation, after form groups, can be rewritten as: 
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The above condition can be true in the condition that each round bracket is zero. Thus, taking into consideration
that
  000  c SuG  (22)
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results
00 zO  (24)
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From the component:
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b) The second equation from (20) is identically with the wave propagation thorough a beam with variable cross 
section (horn). Thus between the two solutions x and xu O  can be written a relationship that highlight the
dependency. Considering that for   the amplitude has a particular value denoted by , and according with
(24)
0 0u
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where  is a constant.
c) Introducing (27) in the third relationship from (20) it is obtained the following differential equation:
 (28)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The solution of the equation (28) can be obtained using the derivative method [7]. So it is obtained:
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The value of x  is different of zero on the whole length of the horn exception both ends. Dividing (29) by u
the obtained equation has the solution:
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where  and C  are two integral constants.1 2
Introducing (30) in (28) it is results:
kxkx
x eCeCk
Cu  2
2
24
(31)
The values of the constants  and  can be found taking into considerations the boundary conditions. The
signal amplitude at the large end   is known as  and the solution (31) can be written as: 
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Based on (32) the signal (31) becomes:
 kxkxkxx eeCeuu  20  (33)
One conditional relationship is given by (11) and can by combined with the boundary condition [8]:
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where  is the contact stiffness between the horn and the tool. s
Based on the Elasticity Theory and considering that the initial signal  is multiplied by0 K times, then (34) can 
be written as:
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and considering the derivate of (33) for :Lx 
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In (36) there are two unknown values: the stress V  and the cross section at the small end of the horn L .
Considering a needed value for the magnifying coefficient
S
K the expected signal at the small end of the horn can be
express combining (33) and (36):
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where the sign (-) was introduced to achieve the nodal point.
From (37) is obtained the relationship:
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Combining (38) with (36) results the value of constant :2C
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The nodal point is found considering the condition the amplitude of the signal equal with zero. So, from (33) it is 
obtained:
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3. Cross section function
Equation (4) can be rewritten in the form:
 (41)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Taking into consideration the signal given by (33) and introducing it and its first and second derivates in (41) is 
obtained:
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Let consider in (42) the function:
 kxkxkxx eeCeuaxa   20)(  (43)
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and then (42) becomes:
x
x
x
x
a
a
S
S c 
c
2  (44)
that leads, by integration, to:
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Derivative (45), according to , is obtained the position of the maximum cross section and results the same value
that corresponds to (40).
x
Thus, in the case of these horns the maximum cross section is in the same position with the nodal point.
Considering that the maximum cross section  is imposed (can not be greater than a quarter of the wave length)
it can found the small end cross section value :
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where  is the value of function  in the nodal point.n x
From (45) and (46) is found the variation of horn cross section variation:
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Based on (47) it was designed a horn (See Fig.2) considering the design restrictions: imposed maximum cross
section area  (a quarter of the wave length), magnifying coefficientmaxS 5dK , and frequency signal .Hz19900f  
Fig.2  Designed horn based on (47)
The final length of the horn was adjusted at [9]: 
   > @2ln12 SK nfcnLe   (48)
where ...,2,1 n
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4. Horn testing
The tests were done using a set-up consisting in an ultrasound generator RFT-E0502M, a signal amplifier RFT-
LV 103, two accelerometers B&K 4517-002, and the platform B&K PULSE 12. The obtained results (See Fig.3,
and 4) are close to the considered signal magnify  5 K .
Fig.3  Input signal with an acceleration of 3.74 m/s2 at a frequency
of 19850 Hz.
Fig.4  Output signal of 18.3 m/s2 at a frequency of   19850 Hz.
5. Conclusions
Based on the variation principle it was obtained a new family of horns, defined by (47), using as boundary
conditions the contact stiffness s  between horn and tool. The main geometrically particularity of them is that the
maximum cross section is situated in the nodal point.
k
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